STICHTING

MATHEMATISCH CENTRUM

2e BOERHAAVESTRAAT 49
AMSTERDAM

AFDELING ZUIVERE WISKUNDE

ZW 1965-006

A combinatorial problem on finite semigroups
by

P.C. Baayen, P, van Emde Boas and D. Kruyswi jk

(IMC>

September 1965




The Mathematical Centre at Amsterdam, founded the 11th of February, 1946,
is a non-profit institution aiming at the promotion of pure mathematics
and its applications, and is sponsored by the Netherlands Government
through the Netherlands Organization for Pure Research (Z.W.O0.) and the
Central National Council for Applied Scientific Research in the Netherlands
(T.N.O.), by the Municipality of Amsterdam and by several industries.




§1, Some conventions

Let H be a finite system with an associative binary operation (a finite
semigroup). In this report, no special knowledge of semigroups is

assumed on the part of the reader,

Our theorems will deal with sequences of elements of H and the proofs
involve sequences of such sequences, Hence, to avoid confusion, let us
employ the old hand notion of "a word", according to the following con-

ventions,

1. A sequence of one or more terms, in which each term is an element

of H, is called a word over H., The comma's in a word will be often

left outy if so, the terms will be called letters.
2. The value of a word w = a a2 °ose & OVer a semigroup (H,*) is

1
defined by

IWI = a.‘ *8.2* 000 *ako

3. A subword of a word W is a word, consisting of one or more conse-
e ) PR RO

cutive letters of W in their proper order,

§2. Introduction

Some elementary principles in the theory of finite groups admit a neat
Tormulation in the above terminology, We summarize them in the form of a

theorems
Theorem I

a, Any word W of length n, over a group G of order n, contains a sub=-
word with unit value.
b, Given a group G of order n > 2; there is a word W of length n-1

over G, which has no subwords with unit value.
For a proof of this theorem, if needed, see §3,

The object of this note is, to establish some results on finite semigroups,
which have a close resemblance to theorem I, The part which is played by
the unit element in theorem I, will be taken over by elements e which have

the property that e2 = e, Such elements are called: idemgotenta




The following theorem II implies the well-known fact, that any finite
semigroup has at least one idempotent element. Of course, much easier
proofs of the same fact can be given and are available in any text-

book on the subject,
Theorem II

To each finite semigroup H a positive integer A can be assigned,
such that any word W of length A over H contains a subword with

idempotent value,

This theorem has an amusing corollary in the theory of numbers (which

will be proved, together with the theorem, in §5):

Corollary Given n, there is a constant T, such that any positive integer
with more than T, divisors, has at least one divisor 4 > 2

with the property that d(d-1) is divisible by n.

In particular, any positive integer with a sufficient amount of divisors
will have a divisor > 2, whose two final digits in the decimal scale are

00, 01, 25 or T6. One might try to find a direct arithmetical proof,

We shall give further attention to this kind of problem in a Mathematical
Centre report on arithmetical semigroups, which is soon to appear, In the

present note we are concerned with abstract systems only,

When looking for the least possible A in theorem II, such as to be valid
for all H of a fixed order n, we found the following theorem. It gives

the critical values of A, plus an additional item of some interest.
Theorem III
Define a function L(n) as follows:

L(1) =1, L(2) = 2,

n

n n n
L(n) = 43 . (&L)3 &)

forn > 3,

then L(n) is a positive integer with the following properties:

a. Any word W of length L(n), over a semigroup H of order n, contains

a subword with idempotent value,




b, Given n > 2, there is a semigroup H of order n, over which a
word W of length L(n)-1 can be constructed, such that W has
no subwords with idempotent value,

There is even a commutative H with this property.

o o e 20 280 S

0,89 (WM™ < L(n) < (VT for n > 3

Further we have

L(n) = 225  ifn = 3k
L(n) = 3.2 irn = 3k (k > 1),
L(n) = 9.2°572 jf n = 3k+2

If the latter two formulae are applied with k = 0, which is forbidden,
they give 13 and 2}, respectively, whereas the true values of L(1) and
L(2) are 1 and 2, The fact that L(n) is an increasing function of n can

be easily proved, but is not trivial a priori,

Tabulation for n < 10:
n . | 1t 2 3 Lk 5.6 7 8 9 10
Ln) | 1 2 & 6 9 16 2k 36 €k o6

Theorem III will be proved (in §8) as a consequence of the much more
intricate theorem IV, to be stated next., It deals with those semigroups

of order n, which have a prescribed number of idempotent elements,
Theorem IV

Given a pair of integers n, 6 with n >6 > 1,

Define two integers q and o by
n = (2g-1)6 +0 , 0 < o < 20=1,

Then q and ¢ are uniquely defined and we have q > 1

Next, define a function L(n,8) by

26="0

L(n,8) = q > (q+1) °,




then we have:
A, Any word VW of length L(n,6) over a semigroup of order n which has
exactly 6 idempotents, contains a subword with idempotent value,
B. Given a pair n, 6 with 1 < 6 < n-1, there is a semigroup of order
n with exactly 6 idempotents, over which a word W of length
L(n,8)-1 can be constructed, such that W has no subwords with
idempotent value,

There is even a commutative semigroup with this property.

we mention the following values:

L(nyo)

1 if and only if 6 = n,

n=0

L(n,6) 2 for 6 3'% N

[}

L(n,1) [} (n+1)%] for all n.

L(n,2) = E%g (nh+8n3) 4-()(n2) for n + «,

Before we give the proofs of I, IL, IV and III, one question remains to
be settled. Is there a non-commutative semigroup which satisfies the

assertion IV B?

Certainly not in all cases, We have, for instance, the fact that a semi-
group with n = 2, 6 = 1 is necessarily commutative., In many cases, however,
the answer is affirmative, as may be seen from the following statement, to

be proved in §7:
Supplementary theorem

In each of the following cases there is a non-commutative semi-

group with the property of theorem IV B,
(i) If q is an even number > 6,

(ii) If q is an odd number > 5, provided that ¢ > 2.




For instance, any word of 36 letters over any semigroup of order 11 which
has only one idempotent, has a subword whose value is equal to that idem-
potent., But if we replace the number 36 by 35, the assertion becomes false
and there are commutative as well as non-commutative semigroups to disprove
it

A special class of non-commutative semigroups (where each member is the
semigroup of all mappings of a finite set in itself) will be made the object

of further study in a forthcoming Mathematical Centre report, by one of the

authors under title,

§3, Proof of theorem I

a. The assertion Ia is trivial in case n = 1, For n > 2, we put .

W= 8,8, eso & and consider the sequence

e L 8., p. BB ag. 8.0 g 369, 3, 53
% 1° » 17 %o B2 o0 0 9 a] zama

where e is the unit-element of the group (G,%).
A left-hand division of two equal terms in this sequence (they are
provided by the pigeon-hole principle), leads up to the required

subword of W,

b, The assertion Ib is trivial in case n = 2, For n > 3, let

(g1, Bos cosy gn_1) be an arbitrary permutation of those elements of

G which are # e, Then the sequence

=1

.1 =1

i %ge c3 0w °‘ ? gn""e*gn“i

fulfils. the requirements of Ib, if the terms are considered as letters
of a word W, (We remark that by this method (n-1)! different words W
can be constructed and that these words are the only ones, which
satisfy Ib),

§4, The notion of a central word-set

The following notions and properties will be used frequently in the next

sections,




If &y eoo ap and b1 000 bq are words over one and the same semigroup and
if we denote them by v, and Voo respectively, then we shall denote the

word a, ses 8 b, 0o bq by w o Clearly we have

1 p-1 12

IW1W2I = lel = IW2|D
where * is the operation in the semigroups

A set of one or more words will be called a central set if it can be .

written as
(1) {w1, W Wae W WoWoy 000 }o
It is easily seen that the following assertions hold true:

(1) If all the words of a central set are given, then the components
w. of the presentation (1) and their order of succession are

uniquely determined.
(ii) A non-empty subset of a central set is central.

(iii) If (1) contains at least two words, then
(2) {w2, ALY so0 )
is a central set as well,
For instance, if a, b and ¢ are elements of a semigroup, the set
{aba9 abacb, abacbb, abacbbaa}

is central and we have, in the presentation (1): W, = aba, v, = cb, Wy = b,
Wh = aa., Its subset

{abacb, abacbbaa}

is central too, but here we have W, = abacb, W, = baas

Finally
{baa}

is a central set, which has been derived from the previous one like (2)

from (1),




§5. Proof of theorem II and its corollary

The following proof may be omitted by the reader, as II is implied by
IV A and we shall give an independent proof of IV A However, the
present proof is shorter, The truth of the assertion I is clearly

implied by lemma 1 and lemma 2.

Lemma 1. An infinite word over a finite H has a (finite) subword with

idempotent value,

Proof. Let CCCq s0s be an infinite word over (H,*), The c; may be

considered as elements of H or as finite words over H; this will make

no difference as to our argument. Consider the infinite, central word=-set
C = {c1, c1c2, c1c2c3, ooo}o
As H is infinite, C will have an infinite subset Cys such that any word
w«ec1 has one and the same value in H., Denoting this subset by
Cp = fwps vy v v ek
each of its elements has the value !W1|° Next, consider the "derived" set

{W11, w11w12, w11w12w13, ooc}o This set does not need to be single=valued

like C1D but it has certainly an infinite, single-valued subset:
Cp = {upn wowyys Voo Vags veols

Here each of the elements has the value |w2l and we have moreover

lw1] * |w2| = ]w1], as the word w.w, is one of the words of C.. Next,

1
consider the set {w21, W21w22, w21W22w23D oco} and repeat the previous

argument; this can be done as long as one wishes., The procedure yields,

finally, an infinite sequence of words

Wis Wop W coe
where each . is a subword of the given C1C,C3 couy and where moreover
() Doyloligl = oyl Pollgl = gl 5 gl = Jo s

and so on,




By the law of associativity, (3) implies

(4) Iwkl s lwm] = lwk[ for all "pairs k, m with k < m,

The values |w1|9 ]w2|a ooo cannot be all different from each other,
Hence there is a pair k, m with k < m and Iwkl = IWm!° Then (L4) gives

Iwk|2 = ]wkl, which proves lemma 1,

Lemma 2, Suppose, there is a finite H to which no boundary length A
can be assigned with the property of theorem I, Then there
is an infinite word W over H without subwords of idempotent

value,

Proof, The assumption implies the existence of an infinite set of

finite words over H:

V1 = {a119 a21a22, a31a32a339 aoo}g

such that no word in V1 has a subword with idempotent value. As H is
finite, H contains an element b19 which is the beginning letter of

infinitely many words in V.., These words form a subset V2(:V10 Next ,

H contains an element b29 ;erving as the second letter of infinitely
many words of V20 These words form a V3@:V2 and every word of V3 has
the initial piece b1b2° Iterating the argument, an infinite sequence
b1, b2, b39 soo Of elements of H is shown to exist, such that every
word in Vk+1 has the initial piece b1b2 oo bkn Writing the:.same .7
sequence as a word

W=bbbeoe

we find that each finite subword of W is subword of one of the words in
some Vko Hence it is subword of a word in V1@ so that its value is not

idempotent., This proves lemma 2.

Proof of the arithmetical corollary. The multiplicative semigroup of all

residue-classes modulo n defines a number A in the sense of theorem II.
Let us denote 2Am1 by e Then any positive integer with more than L

divisors can be written as

q1°q2°°°°oqu




where each q; is a prime number, not necessarily different from the
other ones, and where u > A, Theorem II, applied on the word

qy 4y coo qy modulo n leads up to a divisor d > 2 with d2 % d mod n,
The latter congruence implies that d(d - 1) is divisible by n.,

§6, Proof of theorem IV A

The proof is based upon lemma 3 - lemma 8.

Given (H,»), let X be a subset of H, such that X does not contain
idempotent elements.,

A function f(z), defined on H, is called an order-function with respect

to X, if the following properties (5) hold true.
f(z) =0 for z€eH\ X,
(5) f(z) is a positive integer for z & X
£(x) > f£(y) for all x, y with x€X and x * y = x,

If an order-function f(z) with respect to X has been given, the number
of solutions of the equation f(z) = k will be denoted by 8y o Hence we

have

(6) 5y is the number of elements z&H, such that f(z) = k.

Lemma 3,

Definitions: Let (H,%) be a finite semigroup;
W a word over H without subwords of idempotent valuej
X the set of all values of all subwords of Ws

f(z) an order-function with respect to X.

Assumption : Each central set of subwords W contains less than N words w
such that f(|w|) < k=1,

Here N and k are arbitrary positive integers.

Assertion : Any central set of subwords of W will contain less than
N(s, +1) words w such that f£(|w|) < k.
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Proof, Due to the assumption we need only to prove that a central set

contains at mo st Ns, words w for which £(|w]) = k.

If s, = 0, the assumption is identical with the assertion, whence we
may assume that S 2 1o If a wordset C (which need not be central)
contains Nsk + 1 words w with £(|w|) = k, it will certainly contain,
by the pigeon=hole principle, a subset C1 of N + 1 words, all of which
have one and the same value in H,

Hence, if such a set C is moreover central, it will have a central subset

Cp = {wps Wwny weey vivgesop, by

in which each word has the value IW1lo Denoting |w1| by x, we have xeX
and f(x) = k,

Next, let us consider the "derived" set

C2 = {W2, W2W3. 600 g W2W3oooWN+1}

and let y be the value of one of its words. Then we have x % y = x and

hence, by (5),
f(X) > f(y) o

This means that f(|w|) < k=1 for all‘WG(%w But C, has exactly N elements,

which is contradictory to the assumption of the lemma.

Lemma 4, Let H, W, X and f(z) be defined as in the previous lemma. Then
the length of W i1s less than

(1) (1+S)(1+s2) soo (1 + s

1 M)D

where M is the maximum value of f(z), or any integer exceeding

that maximum value.

Proof. The assumption of lemma 3 is true for N = 1, k = 1, Hence, by the
same lemma, it is also true for N = 1+s1a k = 23 hence too for N =

= (1+s1)(1+52)D k = 3; and so ons Since s, = 0 for any k which exceeds the
maximum value of f(z), one may proceed as long as one wishes, the final .
result being, that the amount of words in any central set is less than the
positive integer (7). As the number of letters in W is equal to the number

of words in the largest possible central set, lemma 4 has has been proved.,
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The following diophantine statement and its proof are independent of

the previous text,
Lemma 5, Given M > 1 and T > 1, Then the function

(8) o= (1 + t?)(! + t2) oo (1 + tM)D

considered in the lattice~point region

t, 20, t 0

1 3_09 soogy T

2 M=

(9)

toF byt eee vty ST,

takes the maximum value

)Mnc

(10) (1 +p ° (2+p)°,

where p and o are determined by the quotient-residue formula

(11) T=pM+0 (0<0<M1),

Proof, As the result is trivial for M = 1 and all T, let us assume

that M i 20

(i), Let P be a point (tlg toe ooos tM) of (9), such that Zti < T, then

$(P) is certainly not maximal: t. can be augmented by 1 and ¢ will

increase, 1
(ii)s Let P be such that timtj > 2 for at least one pair i, j, then
¢(P) is not maximal: ti can be replaced by t:=1 and tj by tj+1; then ¢
will certainly increase., Hence, the coordinates of a maximizing point
of (9) either have all the same value, or they are distributed over two
consecutive integral values, In the first case, denote that value by p;

in the second case, denote the two values by p and p+i.

It follows by (i) and (ii) that a maximum value can be reached only in
such points, where 1 coordinates have a certain value p and ¢ coordinates

have the value p+1, whilst moreover

Tp + o(p*+1) = T,

T2 ..
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Eliminating 1 from these relations, we find as a necessary condition:
T=pM+ 0, 0 <0 <M1, which is formula (11), For the maximal value

(vhich certainly exists) we find (10) and this proves the lemma.
Applying lemma 5 on lemma 4, we find at once the following result:

Lemma 6. Let M, W, X and f(z) be defined as in lemma 3.
Let M be an integer > the maximum value of f(z).
Let T be an integer > the number of elements of the set X,
Let p and o be defined by the quotient-residue formula

T =pM+ 0,0 <0 <M1,
Then we have p > 0, and the length of W is less than

M-

(1+p 0°(2+p)co ¢

The above lemma may look like a statement which is "biting its own

tail", One might remark that the set X has been defined with help of
the word W, that the function f(z) depends on the structure of X and
hence, that all the parameters in the final estimate are devending on

the word W itself, possibly in a bad way.

Luckily this is not true, We know that X is free of idempotents, so
that we may take T = n - 6, where n is the order of H and 0 is the
number of its idempotents., The indeterminate constant M will be dealt
with, likewise, in the following lemma's 7 and 8., It will be shown that

we may take M = 20 in all relevant cases,
Lemma 7. Let (H,*) be a finite semigroup with 6 < n, Let

(12) Xqs Xpp 000y X

be a sequence of non-idempotent elements of H, such that

(13) X; % X, =x;  for all pairs i, j with i < j.

Then we have: < 26,

Proof, Take an arbitrary x, from the sequence (12) and consider its

powers

2
X.o xi,x 660060 ©

i 18
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It is well-known and easy to prove that this sequence contains a term
which is an idempotent element of H. (This is easily seen, for instance,
by applying theorem II on a word X;X:000X, OF sufficient length; but we
have promised that our proof of theorem IV A would be independent of II,)
Denote such an idempotent by e(xi)D then e(xi) = x? for some p., (The fact

that there is only one element e(xi) for each Xs is not relevant here.)

If the length of (12) exceeds 26, there will certainly exist a sub=sequence
of (12), say x, y, 2z, such that e(x) = e(y) = e(z); this follows from the
pigeon-hole principle, We have then, for some triple of positive integers
Qs Ty S3
s
e(x) =x¥ |, e(y) =y  , elz)=z

and hence, by (13):

(1k) Y %z

"
e

The relations (14) imply, in any semigroup, that

r
Yy =¥

as we have

y =X =xq%y=yr%y=y¢¢yr=y%zs=y°

In our present case the element y, which occurs as a term in (12), would

be equal-to e(y), which is an idempotent. This would contradict our )

assumption on (12); hence the length of (12) does never exceed 26,

Lemma 8. Let (H,*) be a finite semigroup with 6 < n.
Let X be a non-empty subset of H without idempotents.,
Then there exists an order-function f(z) with respect to X

such that

f(z) < 20 for all z.
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Proof. A sequence (12) with property (13) will be called an X=tail of
2, if x, = z and if moreover all the X (including z) are elements of X.
Sin ce (13) holds trivially true for m = 1, any z €X has at least one
X=tail, a tail with length 1,

For any z€X we define 7(z) as the maximal length, which is realized
among the X~tails of z., For any z&H\X we define m(z) = 0, We shall
now prove that m(x) > m(y) for all x, y with x€X and x # y = x,

The assertion is trivial for y@ H\ X. For y@X, let X., coco, x  be

15
an X-tail of y, then we have X, =Y and it follows from x * y = x, that
Xy Xyp sooy X is an X-tail of x. Hence we have certainly mw(x) > m(y),
In view of lemma T we have moreover: m(z) < 26 for all z.

Thus we have proved lemma 8, with f(z) = n(z),

Theorem IV A follows easily from lemma's 6 and 8, For 6 = n the assertion

is trivial, For 6 < n, choose a word W over H without subwords of idempotent
value; define X as the set of all values of all subwords of W; define f(z)
according to lemma 8; take in lemma 63 T =n = 6 and M = 20, Then the

formula T = pM + o gives n = (2g=1)6 + 0 with 0 < 0 < 26=1, where g = p+1 > 1,
Finally the estimate function of lemma 6 yields L(n,8), Thus we have proved
IV A,

Remark., The underlying ideas in the foregoing proof are as follows:

2 0 e O 20 e

Let X be any subset of an arbitrary, finite semigroup (H,*), which
contains 6 idempotents,

Define 8 = H\ X, Define for k > 0, by induction:
k

k
Sk+‘l = {xeX\wU Si S XY =X >YE U Si}o
1=0 1=0

Then the following statements hold true:

(a) X will be free of idempotents if and only if the union of all
Sk equals H,

(b) The number of non-empty classes Sk with k > 1 is at most 26,
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§To Proof of theorem IV B and the supplementary theorem

First, let us consider the indeterminate boundary length A, as given
in theorem II, Let us denote by A(H) the least possible value of A
for a given H, Further, let us denote the order of H by n(H) and the
number of its idempotents by 6(H),

Assertion IV A, which has been proved in the previous section, is
equivalent to the statement that A(H) exists and is < L(n,6), where

n =n(H), 6 = 6(H), for every H,

Likewise, assertion IV B can be restated as follows:
>

Theorem IV B

Given a pair n, 6 with 1 < 6 < n, there is a commutative H such

that
n(H)

(14) 6(H)

N,

6

>
—
jas]
~
v

> L(n,6).

To; prove IV B™ and hence IV B, we need three lemma's. They provide

information for the supplementary theorem as well,

Lemma 9., Let H1 and H2 be disjunct finite semigroups of an arbitrary
structure. Then there is a semigroup H with the following

propertiess

(a) n(H) n(H1) + n(H2)9
(b) 6(H) = o(H,) + 6(H2)9

(c) A(H)

iv

A(H1)A(H2)o

(d) If both H, and H, are commutative, so is H.

(e) H contains a sub-semigroup, which is isomorphic with H, and

a sub-semigroup which is isomorphic with Hgo

We define a set H by H = H1UH2 and we define in H an operation # as

follows:
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axb=a-°b ifagH1,b&H

10

(15) a*b=aAb ifaéHe,beH

26

asb=Dbsag=ag ifaé,H“’béHeo
Then (H,*) is a semigroup, satisfying (a), (b), (d) and (e), So far,

the procedure is not altogether unknown, but now (c) has to be proved.

If A(H1) =1 or A(Hg) = 1, (c) is implied by (e); hence we may assume

that A,-1 > 1 and A\ ~1 2 1, vhere A; is an abbreviation of A(H; )

Let 8i850008 be a word over H, without subwords of idempotent
1

value., Let W be a word over H2, of length A2~1 and likewise free of
subwords of idempotent value, Such words exist, by the definition of

Aio Then the word

(16) Wa. Wa W oo0 Wa

12, W over

A

consists of exactly A1A2-1 letters; we shall prove that it has no sub=-
words of idempotent value in H, The statement is trivial for those sub-
words w of (16), which are contained in one of its subwords of the form W.
Next, let w be a subword of (16) which is not contained in one of the W.
Then the sequence w (for w is a sequence!) certainly contains a sub-

sequence

ap » ap+1 9 0006 g aq (1 ;p;qik1’1>

such that ap_1 and aq+1, if they exist, do not occur in the sequence w,

It follows then by (15) and the law of associativity, that

IWI=3 R oo ®* A T a4 ° 560 ° 8 o
P q Y

Hence |w| is not idempotent.,

Thus ve have proved (c). It should be noted that the semigroups H, and
H2 may not' change places in this proof, although the result is symmetric.
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Lemma 10, Let {H19 H2g coop Ht} be a non=empty collection of disjunct
finite semigroups. Then there exists a semigroup H with the

following properties:

(a) n(H) = Z n(H),
1

(b) o(H) = ) o(H),
1

(c) A(H) > 1 A(Hi)o
1

(d) If all the H; are commutative, so is H.

(e) H contains a sub-semigroup = H;, for all i.

Proof, The statement is trivial for t = 1; the case t = 2 is covered

by lemma 9; for t > 3 it can be proved by repeated application of lemma 9.
Lemma 10 suggests already the construction of a semigroup H, which has a
critical word-length of exponential order., It is, however, not strong

enough to reach the estimate (14); we shall bolster it up by the following

lemma,

Lemma 11,

(a) For any positive integer q there are semigroups S, T and U

such that
n(s) = 2q=1 n(T) = 2q n(U) = 2q+1
6(s) =1 8(T) =1 6(U) = 1

A(S) > ° AMT) > alg+)  A(U) > (g+1)2,

(b) S can be chosen such that it is commutative,
The same holds for T and for U,

(c) S can be chosen such, that it contains a sub=-semigroup
which is isomorphic with an arbitrarily prescribed group
G of order q.
The same holds for T.

(d) U can be chosen such as to contain a sub-semigroup, which
is isomorphic with an arbitrarily prescribed group G of

order q+1,
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Proof, The assertions on U in the above statement are superfluous,

from a logical point of view, As soon as we have verified any assertion

on S for all q, the corresponding property of U has been proved as well,

For g = 1, the assertions on S are trivial and those on T are easy to
verify, Now let q > 2, Choose an arbitrary group (G,¢) of order q and
let e be its unit-element., Apart from G, choose a non-empty set

V = {d.lg dz, 500 dr}
of objects, which are not elements of Go

In the set GUV we define an operation * as follows:

a®*b=ac°b if a&G, b&G,

a*di=di*a=a if a €& Go
(17) o
di > dj = di+j 1f 1+] < 1
d. #d. = e if i+] > re
1 J

Then GUYV is a semigroup under the operation %, Denoting GUV by H,

we have

(18) n(H) = q + r,

(19) 6(H) = 1 (e is the unique idempotent);
(20) if G is commutative, so is H;

(21) H contains a sub=semigroup = G.

For this semigroup (H,*) we shall prove:
(22) AH) > qlr + 1),

To that end we need theorem Ib, It shows the existence of a word
a1a2ao°aq_1 over G, without subwords of unit=value in G, hence without
subwords of idempotent value in H.

Apart from this word, letcus éonsides a word

W= d1d d,‘cood d

1 171°

which contains exactly r letters. Then Wahasfeyi@eﬂﬁly“ﬁo‘gubwcrdsm‘;

of idempotent value,
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It is easy to verify, that now the word

Wa1Wa2W 6o Waq_1w

consists of exactly q(r+1)=1 letters, Moreover it has no subwords of
idempotent value in H, as may be seen from an argument, similar to the
one we have used when dealing with (16),

Thus we have proved (22), The semigroups S and T are cbtained as special
semigroups H by teking r = g-1 and r = g, respectively,

Their properties follow at once from (18), (19), (20), (21), (22),

Remark, The foregoing proof has many features in common with the proof
of lemma 9, and our reference to (16), at the end of the proof, is perhaps
somewhat disturbing. This slackness can be avoided by the following

procedure: in lemma 9, take H, =G and H, = vV{z]}, where z is a zero-

2
element which mekes a semigroup of V\J{Z}u Thereupon , identify the

elements z and e of H1UI{ and lemms 9 will lead to lemma 11, The exact

2
procedure requires some care, but is not unknown in the theory of semi-

groups.

Using lemma's 11 and 10, we are now able to prove IV B*D which is another

form of IV B,
Given a pair n, 6 with 1 < 6 < n, we define q and o by
n = (2q=1)6 + o (0 < 0 < 20=1)

and recall that

L(n,8) = q°0% « (g+1)°,

Defining three integers a, B, y by

0 -0 + [%i] = a,
o - 2[3d] = 8,
[1d] = v,

we find the following properties (which may justify the curious choice

of these integers):
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(23) o+ B+ y =0
2a + B =20 = ¢
(2k)
B+ 2y =0 3
(25) >0, B20, y20;
(26) a+ B> 1,

Now we consider a collection of disjunct semigroups
(21) {Hy 0 Hy s eoo s Hyl

such that

o semigroups are of the type S (order 2q-1),
B semigroups are of the type T (order 2q)
Y semigroups are of the type U (order 2q+1),

as described in lemma 11, By the same lemma, we may take eakh Hi to be
commutative, Then lemma (10), applied on the collection (27), leads to

a commutative H with property (14)., Thus theorem IV B has been proved.

For the supplementary theorem we have to make a little change of tactics,
though the main procedure remains unaltered., We do not require the
commutativity of the H, in (27), but we try to make at least one of them
non=commutative; in view of lemma 10 (e) this is a sufficient condition

for the validity of the supplementary assertion.
In which cases can this be done?

(i) If g is even and > 6, there exists a non=-commutative group of order
q (for instance, the symmetry group of the regular polygon with g
vertices), By lemma 11(c) this group can be embedded in a semigroup of
the type S, as well as in a semigroup of the type T, Now it follows from
(26) that @ > 1 or B8 > 1, Hence, for at least one H, a non-commutative

semigroup can be taken,

(ii) If q is odd and > 5, there exists a non-commutative group of order
g+1, By lemma 11(d) this group can be embedded in a semigroup of the
type U. Now suppose that ¢ > 2, then we have y = E%c] > 1. Hence, for

at least one Hi a non-commutative semigroup may be taken,

Thus we have proved the supplementary theorem.
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Remark, Our construction depends on the diophantine system (24), (25),

a0 o o2 o 0 30

which implies (23) and (26), If 6 and ¢ are given and if, for the moment,

we consider a, B and v as unknowns, all the solutions of the system are

given by
@ = Oy = k
B = By + 2k (0 < % < Min(ay,vy)),
Yy = Yo =k

where g BO, Yo is the particular solution which we have employed in
our proof. In all cases where ¢ = 0, 0 = 1 or ¢ = 26=1, the system
(24), (25) has no other solutions than %y Bys Yge

§8, Proof of theorem III

A necessary and sufficient condition for the validity of theorem TII

is the following one:

(28) Max L(n,0) = L(n) for all n.
6

The verification is easy for n = 1 and n = 2, as we have: L(1,1) = L(1);
L(2,1) = L(2) = 25 L(2,2) = 1,

For the rest of our proof we assume n > 3, though most of our argument

will be valid for n = 1 and n = 2 as well,
Defining the integer q as before, we have
(29) (2g-1)86 < n < (2q+1)6=1,

Furthermore we have, after a slight rearrangement of the definition-

formula:

(30) L, = (1+ D {5(0)}°,
where

(31) E(q) = f@1= glgr1) . alg+1) | glg+1)
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Hence we have, in particular,

= 32.
(32) E(2) = 5
and
(33) E(q) > 1 for all q > 2,

After these preparations, let us first prove that
(34) L(n,8) < L(n)

for all pairs n, 6, We distinguish three cases,
First we consider all pairs n, 6 for which q = 1,

In this case we find by (29) that 6 :’i»n + and it follows that

3 3
2, .1 2 2
(35) L(n,8) = 2% <23 .2 323 & (%-)3 < L(n),

Next, we consider all pairs n, 6 for which q » 2,

Here the other part of (29) implies that 6 < e and hence, as 6 is

2q~=1
an integer, that
n
(36) 6 2 _[2(1;1] °
By (30), (33) and (36) we conclude that
n 2n n n
qu_q] = 1]

. n - - =
(30 Lme) < (1 + D {5a)} T g

where the latter equality is a consequence of the definition of E(q) in (31),

The following property is easily verified, in view of (32):
(38) For q = 2, the right=hand side of (37) equals L(n).

This implies that (34) holds for all pairs n, 6 for which g = 2,
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Finally we consider all pairs n, 6 for which q > 3.

Here (37) yields, in view of (33):

_on
@) L(n,0) < a°%" .
Now q2q=1 is a decreasing function of q for q > 3; hence we find
from (39):
2n 2o 2
(50) L(n,0) < 3° <2° (803 < 1),

where the middle inequality requires some elementary calculation (it

may be reduced to 33 < 25)u

Thus we have proved (3L4), but not yet (28).

The truth of (28) can be seen by a supplementary argument, from the
foregoing formulae: o that end one should observe that, if in (36)
the sign of equality holds, the same will be true for the first sign
in (37). Thereupon:, property (38) shows at once that

Ln,(3]) = Lta)  (n 2 3)s

This completes the proof of theorem IITI,






